We establish the relation between full traces of the Green functions for some initial and the Darboux transformed one-dimensional two component Dirac problems with the most general form of potential. The result is used to check the completeness of set of wave functions obtained by the Darboux transformation of the eigenfunctions set for the initial Dirac problem with some typical boundary conditions.
Introduction
Supersymmetric quantum mechanics (SQM) [1, 2] provides an interesting framework within which to analyse quantum problems. In particular, it allows one to investigate the spectral properties of a wide class of quantum models and to generate new systems with given spectra. SQM gives new insight into the problem of spectral equivalence of Hamiltonians, which, historically, has been constructed as a factorization method in quantum mechanics [3] and as Darboux-Crum transformations in mathematical physics [4] .
The Darboux transformation method for the one-dimensional stationary Dirac equation is equivalent to the underlying quadratic supersymmetry and the factorization properties of the Dirac equation [5] . Application of this method to the Dirac equation is studied in the papers [6, 7] .
In the previous paper [7] we have established the connection between Green functions of initial and Darboux transformed one-dimensional two component Dirac equations for the case of especial matrix structure of the potential. Here we consider the same problem for the arbitrary matrix structure of the interaction Hamiltonian.
Green function of initial problem
We consider the Dirac equation
with the Hamiltonian of the form
where ω(x), S(x) and q(x) are real functions of x; m is the mass of a particle; σ 1 , σ 2 , σ 3 are usual Pauli matrices. This equation have two linearly independent solutions. Denote them by ψ and ϕ. Introduce the Wronskian of this solutions with the help of equation
Let us prove that it doesn't depend on x. For this aim represent W in the form:
Then
Taking into account the Dirac equation
we have
Since V T = V , W ′ = 0. Now we are in position to construct Green function of problem under consideration. It is the solution of inhomogeneous equation
It is easy to check that
Besides this for G(x, y) the spectral representation
is valid. Here ϕ n (x) is complete orthonormal system of eigenfunctions of the h 0 with eigenvalues E n .
Darboux transformation of the Green function
Let us to construct the 2×2 matrix u, consists of two two-component eigenfunctions ϕ n 1 , ϕ n 2 of the Dirac Hamiltonian h 0 corresponding eigenvalues E n 1 , E n 2 :
Thus, the function u is a solution of the Dirac equation
The operator
allows us to generate the solutionsφ n of the transformed Dirac equation 
where ϕ n are solutions of the initial equation.
It is easy to check that Lϕ n 1 = 0, Lϕ n 2 = 0. The spectrum of h 1 doesn't contain eigenvalue E n 1 , E n 2 .
The question arises: are the eigenfunctionsψ n (n = 1, 2) form the full system. In order to answer to this question it is necessary to construct Green function G 1
and to calculate the expression
If A = 0, the set ofψ form the complete system. Early expression, similar to (20), was considered for Schrödinger equation in [8] .
Evidently that
It can be proved (see Appendix A) thatW
It is evidently thatψ
Since u is a real matrix (this follows from reality of all coefficients of the Dirac equation rewritten in component form)
Taking into consideration thatφ = Lϕ, factorization relation [5] 
and
we haveψ
Thus,
Then the trace of difference of the Green functions is as follows
Evidently that (29) can also be presented in the form
Let us prove that
Taking into account the Dirac equations for ψ, ϕ and u
where Ω = uΛu −1 it is easy to see that
Since
Taking into account this relation one can obtain
or
If right side of this relation equal to zero the wave functionsφ n form complete system of eigenfunctions of h 1 . In opposite case this system is incomplete.
Examples
In this Section we consider some examples of the application of (36) to the Dirac problem with homogeneous boundary conditions on the finite interval x ∈ [a, b]. More explicitly, we look for the solutions of the Dirac equation
that satisfy the boundary conditions of type
We start with the consideration of the case of free initial Hamiltonian
and consider four types of boundary conditions:
Without the loss of generality we can put a = 0, b = −1.
Case (i).
The eigenfunction of h 0 consists of two branches: (a) positive eigenvalues and (b) negative eigenvalues. Positive eigenvalues have a form:
The corresponding eigenfunctions are
Negative eigenvalues are as follows:
Corresponding eigenfunctions arē
2 = C, where C is an arbitrary constant.
The independent solution of the equation
are
Then the full trace of the Green function is
Taking into account the following relation (see Appendix B)
we get
that is just the spectral representation of the tr 1 0 G 0 (x, x)dx. Now we consider the Darboux transformation. The solutions of transformed equation are followingψ
where u is the transformation matrix. For the construction of u we choose the pair of the eigenfunctionsψ (0) and ψ (1) or pair ψ (0) andψ (1) . In the first case the transformation matrix reads
In the second case it reads
This leads to the following expressions for components of functions ψ(x) = Lψ, andφ(x) = Lϕ :
It is interesting to note that at the left side (x = 0) of the interval both components ofψ (ψ 1 andψ 2 ) are zero, that isψ(a) = 0. Similarly,φ 1 (1) =φ 2 (1) = 0 orφ(b) = 0. Thus, the right side of eq. (36) is zero and consequently system of function Lφ (n) , Lφ (n) is complete.
Case (ii). The eigenspectrum again consists of two branches:
Then the corresponding full trace of the Green function may be represent in the form:
The transformation matrix u is
and components of solutions of the transformed Dirac equation are:
Again we haveψ
that makes right part of eq. (36) to be equal zero that leads to evident consequences, similar to those, made in case (i).
Case (iii). The positive branch of the eigenspectrum is the following
and negative oneĒ
Eigenfunctions are
Solutions of h 0 ψ = Eψ are chosen as following way
And the full trace of Green function of the transformed Dirac equation is
Taking into account the relation (see Appendix B)
Again the result (74) is in agreement with spectral representation result. Constructing transformation matrix u from eigenfunctions ψ (1) (x) andψ (1) (x) with the help of simple algebra one can get 
from which and Eq. (36) it follows that transformed eigenfunctions Lφ (n) , Lφ
form complete set. The case (iv) is similar to the case (iii). So we omit it's detail discussion.
Discussion
We have established the relation (35) that connect the difference of the full traces for the Green functions of the initial and the Darboux transformed Dirac problems with energies E 1 , E 2 of initial states, whose wave functions are used for the construction of the transformation matrix and boundary values of solutions of the initial and the transformed Dirac equations. These relation are used to check the completeness of set of wave functions, obtained by the Darboux transformation of eigenfunctions of the initial Hamiltonian for some typical boundary problem.
